We develop an analytical statistical-mechanical model for hydrophobic solvation in water. In this 3-dimensional Mercedes-Benz-like model, two neighboring waters have three possible interaction states: a radial van der Waals interaction, a tetrahedral orientation-dependent hydrogen-bonding interaction, or no interaction. Nonpolar solutes are modeled as van der Waals particles of different radii. The model is sufficiently simple that we can calculate the partition function and thermal and volumetric properties of solvation vs. temperature, pressure and solute radius. Predictions are in good agreement with results of Monte Carlo simulations. And, their trends agree with experiments on hydrophobic solute insertion. The theory shows that first-shell waters are more highly structured than bulk waters, because of hydrogen bonding, and that that structure melts out faster with temperature than it does in bulk waters. Because the theory is analytical, it can explore a broad range of solvation properties and anomalies of water, at minimal computational expense.
entropy change strongly with temperature. This fact is summarized by stating that the heat capacity of transfer is high and positive (∆C p,T R ≫ 0), since
where T is temperature. These features are known as the hydrophobic effect [1] [2] [3] [13] [14] [15] [16] [17] [18] [19] .
There have been many models for how hydrophobic solvation depends on solute size. Among the first, scaled particle theory (SPT) estimates the work necessary to create a spherical cavity in water [5, 20] . It successfully predicts the free energy of small cavity formation and was constructed to give the surface tension of water in the planar limit. However, SPT has been criticized for predicting a monotonic increase in the entropy penalty of transfer with increasing cavity size and an incorrect temperature dependence in the surface tension [5] .
Stillinger was perhaps the first to suggest that water solvates large nonpolar molecules differently than small molecules [5] . Pratt and Chandler developed an integral equation method that used pair correlations of bulk waters to predict the solubilities of small solutes [21] . The theory of Lum, Chandler, and Weeks [17] reduces to Pratt-Chandler theory for small solutes but predicts large-scale drying as predicted by Stillinger near larger nonpolar surfaces [5] .
The hydrophobic effect plays an important role in many common processes in nature (e.g.
protein folding, ligand binding) and technology (e.g. micelle formation). So, it has been extensively studied experimentally [22] [23] [24] [25] [26] . Hydrophobic solvation as a function of solute size has also been studied in computer simulations using explicit and implicit water models.
A key conclusion from such simulations is that at planar nonpolar surfaces water will waste a hydrogen bond by pointing the bond directly at the surface, in contrast to small nonpolar surfaces, where water conserves hydrogen bonds by pointing those bonds in directions that straddle the solute. Explicit models (such as TIP or SPC) can be computationally expensive, precluding the calculation of full temperature or pressure dependencies. And, computer simulation results are, in general, susceptible to large statistical errors, causing difficulties in determining certain quantities accurately, such as the heat capacity [27, 28] .
Implicit models are faster, but the trade-off is sometimes physical inaccuracies. There exist also many other water-like models that were used for treating hydrophbic effect. Core softened [29] or Jagla fluids [30] possess water-like structural, dynamic, and thermodynamic anomalies and these fluids also display water-like solvation thermodynamics. Another aspect of structure-based coarse-graining relies on matching the pair correlation functions of 3 a reference (atomistic) and coarse-grained system [31, 32] . It was demonstrated that it can be generalized for inhomogeneous systems as well as solvation. Coarse-gaining performed in inhomogeneous systems improves thermodynamic properties and the structure of interfaces without significant alterations to the local structure of the bulk liquid.
Here, we adapt a Mercedes-Benz-like model of water, which has previously been studied in 2D and 3D [9] [10] [11] to study the 3D hydration of a nonpolar solute. The idea behind the model originated with Ben-Naim in the 1970s [33] [34] [35] [36] . Recently, it has been developed further by Bizjak et al. [27, 37] and Dias et al. [38, 39] , and studied using computer simulations [27, [37] [38] [39] and integral equation theory [37] . The MB models of water are toy models that have the advantage of explaining in a simple way interplay of thermodynamic properties and the angle dependent potential, but cannot be used for qualitative prediction of properties.
The analytical theories for MB-like models allow the inclusion of orientation-dependent hydrogen bonding within a framework that is simple and nearly analytical. According to 3D
MB model, each water molecule is a Lennard-Jones sphere with four arms, oriented tetrahedrally to mimic formation of hydrogen bonds. In a statistical mechanical model, which is based on 2D Urbic and Dill's (UD) model being directly descendant from a treatment of Truskett and Dill (TD), who developed a nearly analytical version of the 2D MB model [41, 42] , each water molecule interacts with its neighboring waters through a van der Waals interaction and an orientation-dependent interaction that models hydrogen bonds. A related analytical treatment was developed by Coronas et al. [43] and was also studied by Monte Carlo simulations. It is a coarse-grained model for bulk water that includes manybody interactions associated with water cooperativity. It possesses water-like anomalies and the liquid-liquid phase transition also present in our analytical treatment of water. The main difference between the two models is that in our energy is a continuous function of the relative orientation θ of two water molecules while in the other the HB energy is a discontinuous function of the relative configurations, but both models possess similar features.
For hydrophobic hydration, Xu and Dill [44] proposed a very simple analytical theory of the hydrophobic effect in 2D which builds on a two-dimensional Mercedes-Benz model of water. Starting from the statistical partition functions for a water molecule in the bulk and a water in the first solvation shell around a hydrophobe, the theory reproduces the main characteristics of the hydrophobic effect and it accounts for different solute size effects. The theory of Xu and Dill [44] required the results of a reference Monte Carlo simulation of pure 4 bulk water phase. That approach was improved by Luksic et al [12] , which is simpler and circumvents any computer simulation steps by using an analytical model of the pure phase of water. Both solvation methods were for 2D cases. In this work, we applied theory to 3D MB model of water. In addition to moving the theory to 3D, we implement additional improvements by assuming that water properties in the first solvation shell change due to higher density because of interaction between water and solute. The new version of the theory can be used in all liquid regions of the 3D MB model, including the super-cooled region where computer simulations can not obtain solvation properties due to crystallization and convergence problems.
Here, we start from an analytical 3D UD theory of water [10] . A partition function for a water molecule in the bulk and the first hydration shell of a hydrophobic solute is then built using the expressions for average energies of different states of the water molecule (hydrogen-bonded, van der Waals and open), upon considering the geometric restrictions through which a solute dictates the formation or breakage of the hydrogen bonds between water molecules in the first solvation shell. Finally, from statistical mechanical and thermodynamical relations, we calculate the ∆G, ∆H, T ∆S, and ∆C p . In order to explore the performance of the analytical theory in describing the hydrophobic hydration we used existing computer simulation data [45, 46] for the simplified water model, a three dimensional version of the Ben-Naim water model (3D MB) [27] . The MB model has previously been shown to capture the essential physics of water, namely van der Waals interaction and hydrogen-bonding, which are essential for hydrophobic hydration [14, [16] [17] [18] 28] . Here, we explore the performance of the analytical theory for the dependence of the hydrophobic effect on temperature, pressure, and solute size.
II. 3D MB WATER MODEL
We applied analytical theory to the 3D MB water model where each water molecule is represented as a Lennard-Jones sphere with an additional tetrahedrally-dependent potential that mimics the hydrogen-bonding of true water [27] . The interaction potential between two 3D MB particles is
5 where r ij is the distance between centres of particles i and j and X i is a vector denoting the position and orientation of particle i. U mn LJ is the standard Lennard-Jones potential
where ǫ mn LJ denotes the well-depth and σ mn LJ is the contact parameter. m is 1 if the i th particle is water and 2 the i th particle is a solute and the same goes for n regarding the j th particle.
The hydrogen-bonding term is the sum of interactions over all possible pairs of HB arms
where
HB is the interaction between HB arms k and l on two particles and vector Ω i denotes the orientation of particle i. The interaction between two HB arms of different particles is
Here u ij is the unit vector pointing from particle i to particle j, i k is the unit vector representing arm k on particle i. Between vector u ij and vectors representing the orientations of arms there is dot product. G(x) is the unnormalized Gaussian function (requirement that
The model does not distinguish between hydrogen-bond donors and acceptors. The width of the Gaussian function for distance and angles is the same (σ = 0.085) and was chosen to be small enough that a direct hydrogen bond is more favorable than a bifurcated one [27, 37] . It regards two waters as being hydrogen bonded when their Hbond arms are collinear with each other. The strongest hydrogen-bond is formed when two arms are pointing towards each other particles' centers when the centers are separated by r HB [27, 38, 39] . In the following section we will first summarize the theory for pure 3D MB and explain how parameters of the model for analytical theory are extracted from continuous potential presented in this section.
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The structure of the liquid state is modeled as a variation of the cell model theory and is a perturbation from a hexagonal (ice) lattice (see Figure 1 ). One grid point is occupied
by only one molecule. Our focus is on a single water molecule and its interactions with the neighboring molecule. The interaction between a pair of molecules can be one of the three possibilities. Note that in our theory we limit interactions from the continuous one to only the three most probable interactions, minimas in energy as function of distance for HB and LJ interactions and no interaction. We say that each water molecule can be in one of three possible orientational states relative to its clockwise-like positioned neighbor on the lattice:
state. This is presented in Figure 2 . First we compute the isothermal-isobaric statistical weights, ∆ i , of the states as a functions of temperature, pressure, and interaction energies [9] [10] [11] .
In the HB state the test water molecule can point one of its four hydrogen bonding arms at an angle θ to within π/3 of the center of its neighbor water. This is an approximation and was determined by the condition that one quarter of the total solid angle is occupied per hydrogen bond and to keep calculations of integrals analytical. In this case it forms a hydrogen bond [10, 11] (see Figure 2 ) and the interaction energy of the test water with its neighbor is then described by this equation
ǫ HB is an HB energy constant of the maximal strength of a HB and k s is the angular spring constant that describes the weakening of the hydrogen bond with angle. This is a type of hydrogen bond that is called a weak bond [9] because it does not cooperate with neighboring hydrogen bonds. The isothermal-isobaric partition function, ∆ HB , of this state is calculated by integrating this Boltzmann factor over all angles φ, θ and ψ and over all the separations
x, y and z of the test molecule relative to its clockwise neighbor. In the vdW state, the test water molecule forms a contact with its clockwise-like positioned water, but it does not form any hydrogen bond. Energy of this state can be written as
7
The isothermal-isobaric partition function, ∆ LJ , of this state is obtained using the same integration as for the HB state. In the last NB state, the test water molecule does not interact with its neighbor so the energy is equal to zero
By knowing the isobaric-isothermal ensemble partition functions for each state we can write the partition function Q 1 for a full single hexagon of 6 waters as
If we include also higher cooperativity in ice [9] [10] [11] we can write the total partition function for each hexagon as we combine the Boltzmann factors for the individual water molecules to get the partition function for the whole system of N particles. The population of different states f j can be calculated [9] [10] [11] and all the other thermodynamic properties from simple derivations of the partition function as described previously [9-11, 41, 42] . The attraction beyond pair terms is treated in the mean-field attractive level with energy [40] , −Na/v, among hexagons, where a is the van der Waals dispersion parameter [9, 41, 42] and v is the average molar volume.
Parameters needed for calculations can be obtained directly from the interaction pair potential between two 3D MB water particles (ǫ HB =1, r HB =1, ǫ LJ =0.1, σ LJ =0.7) [27, 37] or from analyzing the angle and distance dependence of the 3D MB potential in comparison with the potential used in analytical theory ( k s =80, a=0.045, ǫ c =0.18).
For modeling the solvation of a nonpolar solute, it is necessary to summarize volumes and to calculate additional quantities. Volumes of the states are [10, 11] 
The x v = 2.5 is chosen empirically to get the proper behavior of the density dependence in the original water papers [10, 11] . The ensemble average energy, u j , for each of the three types of water molecule structures, can be calculated as
Integration gives us
The average energy u S is obtained by adding 1/6 of the correlation energy to u HB . The average energy of a water molecule, summed over the four different water states, can be expressed as
B. The model for inserting a nonpolar solute into water
To develop the theory for the solvation of nonpolar solutes, we followed same steps as in Luksic et al [12] . A nonpolar solute molecule of diameter σ s is inserted into water.
Now we consider what happens with two water molecules in the first hydration shell of the solute (see Figure 3. ). The presence of the solute imposes a geometric restriction since a solvation-shell water molecule may be unable to form all four hydrogen bonds with its neighboring waters as in the bulk. Let ζ(φ, θ, ψ) be the maximum number of hydrogen bonds the water in the first solvation shell can form for a specific orientation. φ, θ, ψ are
Euler angles describing the orientation of a water molecule in the first solvation shell and ζ(φ, θ, ψ) is also a function of the solute radius. There are different possibilities depending on the size of the solute molecule. For smaller solutes, water molecules in the first solvation shell can form a maximum of either 3 or 4 hydrogen bonds depending on the orientation. For bigger solutes, first-shell water molecules can form a maximum of only 1, 2 or 3 hydrogen bonds. A critical angle φ c is defined as angle at which a hydrogen-bonding arm points along a tangent to the solute (see Figure 3 ) and both waters are in the Lennard-Jones minimum
This is the angle where water can still form a hydrogen bond. A similar definition of this angle was used by Chaimovich and Shell in their work [47, 48] . Integration over all possible orientations of water (over all 3 Euler angles) is equal to 8π 2 . The next step is to determine the ratio of orientations of water molecules that can form 4, 3, 2 or 1 hydrogen bond.
Note that water can always forms at least one hydrogen bond in the first solvation shell.
Ratios can be determined by sampling over orientations of water in first solvation shell and counting the number of hydrogen bonds water can form. This gives us ratios of orientations ζ i where water can form i hydrogen bonds. A solute molecule does not impose just geometric restrictions on first-shell water molecules, but it also perturbs the energetics of water-water interactions in the first shell. Water's density in the first solvation shell is higher than in the bulk, depending on the value of the attraction between the solute and the water
where ǫ SW = ǫ LJ is the minimum of the Lennard-Jones interaction between solute and water. Since we do not have density as input to the analytical theory, we have to calculate properties of water in the first solvation shell by increasing pressure for
where κ is compressibility of bulk water. 
Now we can calculate the partition function of water in the bulk by treating interactions in averaged way, namely
where v b mol is molar volume of bulk water. The partition function for a water molecule in the first shell around a solute molecule can be written as
where v [12] . We compute the Gibbs free energy of transferring a hydrophobic solute into water using [44] 
where n(σ s ) is the average number of water molecules in the first solvation shell. In this theory we assumed that n(σ s ) is proportional to the solvent surface accessible area of the solute [12] . Standard thermodynamic relations give the enthalpy and the entropy of transfer
T ∆S = ∆H − ∆G (30)
IV. PREDICTIONS OF THE THEORY, AND COMPARISONS TO CORRE-SPONDING MONTE CARLO SIMULATIONS
In this section, we give the theory's predictions for how the hydrophobic effect depends on temperature, pressure, and solute size. The analytical results are compared with the As has been done previously [9] [10] [11] [12] , we present our results below in dimensionless units, normalized to the strength of the optimal hydrogen bond ǫ HB and hydrogen bond separation The analytical theory gives trends that are consistent with experiments, showing that for 13 relatively small solutes, ∆V * increases with temperature [23] . The main contribution to the transfer volume is the size of the nonpolar solute, then upon increase of temperature water become more gas like and there is more empty space around solutes, which gives additional increase of transfer volume.
C. The theory gives correct trends of solvation thermodynamics vs. solute size Figure 9 summarizes the dependence of the solvation free energy, enthalpy, and entropy on the solute radius. Again, there is good general consistency with the simulations for most solute sizes. The disagreement is bigger for larger solutes, especially for entropy transfer.
The reason might be in problems within the theory or bad computer simulation data which authors calculated by Widom's insertion method which is problematic for insertion of large particles. The solvation free energy for large solutes increases linearly with area, while for small solutes it increases linearly with volume [14, 17, 19] . For small solutes, the entropy contribution to the change in free energy dominates (T ∆S > ∆H), but for larger solutes, T ∆S < ∆H. Figure 9 shows the transfer free energy, ∆G * , transfer enthalpy, ∆H * , and transfer entropy, T ∆S * at two different temperatures, T * = 0.2 (red) and T * = 0.3 (green), as a function of solute size. For all three thermodynamic functions describing transfer of a hydrophobic particle, there are clearly two distinct areas of behavior, as observed experimentally [1, 2, 22-26, 49, 50] . In Figure 10 , we plotted the dependence of the solvation free energy, enthalpy, and entropy on solute radius and temperature. We can see from the figure the equivalent behavior of the free energy of transfer upon increasing the temperature or decreasing the size of the nonpolar solute. Figure 11 shows 3D plots with the following temperature and size dependent fits through the points: The results above show that the present theory reproduces the thermal, volumetric and solute-size dependences of the solvation properties of nonpolar solutes rather well, compared to Monte Carlo simulations of the same model [45, 46] , and both the theory and simulations give the experimentally observed trends. Disagreement becomes bigger at large solute sizes and low temperatures which might be either a problem of the theory or incomplete convergence of the simulation data.
E. The solvation properties can be interpreted in terms of first-shell and bulk water bonding fractions
In this section, we give a more microscopic explanation of these properties based on the different bonding populations. Figure 14a shows the temperature dependence of the ratio, f h j /f j , of the population of waters forming Hbonds in the first shell around a solute, relative to the population of waters forming Hbonds in the bulk. Note that we omitted ratios of caged populations from the figure since, in most of the ranges, the individual cage population 15 is very close to 0 and numerical uncertainty is high when dividing with numbers close to 0.
In the following, we interpret these results with increasing temperature, starting from very cold water, to cold water, to hot water. (1) Very cold water. The theory shows that in very cold water, the first-shell solvating waters differ from bulk waters in having more Hbonds, more vdW bonds, less empty space, and those waters are well-packed ( r ≈ 1) and have low-variance, well-defined Hbond angles (Figure 14e ). These first-shell waters are better structured than waters in the bulk. We are seeing a sort of stochastic version of the "iceberg" shows how applied pressure affects water molecules in the solvation shell relative to the bulk.
Applying pressure has the following effects on solvation-shell waters, relative to bulk waters:
pressure squeezes vdW-bonded water molecules together in the first shell, it squeezes out empty spaces, and it reduces the average water-water spacings in the first shell. At the same time, applying pressure increasingly breaks first-shell Hbonds, reducing the excess structure there, and reduces the Hbond angle variance.
V. CONCLUSIONS
In this work, we have developed a theory for the hydration thermodynamics of a spherical 
